Isotope effects in underdoped cuprate superconductors: a quantum critical 

phenomenon 
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We show that the unusual doping dependence of the isotope effects on transition temperature 
^ ' and zero temperature in - plane penetration depth naturally follows from the doping driven 3D-2D 

crossover, the 2D quantum superconductor to insulator transition (QSI) in the underdoped limit 
j /^ 1 and the change of the relative doping concentration upon isotope substitution. Close to the QSI 

transition both, the isotope coefficient of transition temperature and penetration depth approach the 
coefficient of the relative dopant concentration, and its divergence sets the scale. These predictions 
are fully consistent with the experimental data and imply that close to the underdoped limit the 
unusual isotope effect on transition temperature and penetration depth uncovers critical phenomena 
■ associated with the quantum superconductor to insulator transition in two dimensions. 

O ' PACS numbers: 74.20.Mn, 74.25Dw, 5.40.-a 
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The observation of an unusual isotope effect in underdoped cuprate superconductors on transition temperature 
and zero temperature penetration depth |I]-f7| poses a challenge to the understanding of high temperature 
superconductivity. In this letter we show that this behavior naturally follows from the doping driven 3D-2D crossover, 
the 2D superconductor to insulator (QSI) transition in the underdoped limit and the change of the relative doping 
concentration upon isotope substitution. Thus, the unusual isotope effect on superconducting properties of underdoped 
cuprates is derived to be a quantum critical phenomenon driven by variation of the dopant concentration. 

Consider the empirical phase diagram of I^-zSr^CuC^ p[-p6[ depicted in Fig.|l|. It shows that after passing the 
so called underdoped limit (x — x u ~ 0.05), where the quantum insulator to superconductor (QSI) transition occurs 
jl7],[l8]], T c rises and reaches a maximum value T c m at x m w 0.15. With further increase of x, T c decreases and 
finally vanishes in the overdoped limit x a w 0.3. This phase transition line T c (x), separating the superconducting 
from the normal conducting phase, appears to be a generic property of cuprate superconductors. In La2- a jSr a; Cu04, 
. HgBa2Cu04 +a; |pi^ , po| and Bi 2 Sr 2 Cu06+ l; JUjboth, the underdoped and overdoped limits, corresponding to critical 
endpoints, are experimentally accessible. In other cuprates, including Bi2Sr2CaCu2 0s+x JH], YBa2Cu307_a; @ and 
Y\- x Pr :c Ba2Cu307_«5 J23|, only the underdoped and optimally doped regimes appea r to be a ccessible. As shown 
in Fig.[l] for I^-xSr^CuO^ the effective mass anisotropy, measured in terms of 7 = \/ M c /Mgb increases drastically 
by approaching the underdoped limit. This property, also observed in HgBa 2 Cu04 + 5 |2(J and YBa 2 Cu307_ 2; [ p2| , 
appears to be generic and reveals the crossover from three (3D) to two dimensional (2D) behavior. 

In our considerations the starting point is the critical endpoint of the phase transition line T c (x) , where at T = and 
x = x u , driven by variation of the dopant concentration x, the QSI transition occurs. Close to this critical endpoint 
the bulk superconductors correspond to a stack of independent superconducting slabs of thickness d s . Moreover, close 
to such a critical point, low energy properties depend only on the spatial dimensionality of the system, the number 
of components of the order parameter and the range of the interaction. The theory of quantum critical phenomena 
predicts that the transition temperature and zero temperature in - plane penetration depth scale as |24|,[l7],|l8| 
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T c = a5~ ^-W". (1) 

is the dynamic critical exponent, V the exponent of the diverging length, a and b nonuniversal critical amplitudes, 
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C3 ' and 

5 = x — x u (2) 

measures the distance from the quantum critical point at x u , where in cuprate superconductors the QSI transition 
occurs. For a complex scalar order parameter and in D=2 the critical amplitudes a and b and the slab thickness d s 
are not independent but related by the universal relation p4],fl7|fl8| 
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where Q 2 is a universal number. Although the experimental data are rather sparse close to the QSI transition, the 
overall picture turns out to be highly suggestive and provides consistent evidence for the QSI transition in D=2 at 
the critical endpoint in the underdoped limit with critical exponents z ~ 1 and V w 1 |l7],[l^]. This estimate is 
close to theoretical predictions |25|,^6|], from which z = 1 is expected for a bosonic system with long-range Coulomb 
interactions independent of dimensionality and V > 1 « 1.03 in D = 2. In Fig.[l] it is seen that V 1 is also consistent 
with the doping dependence of the effective mass anisotropy 7 = y/ M c /M a b oc 5~ u . 

We are now prepared to explore the implications of the QSI transition on the isotope effect. From the definition of 
the isotope coefficient 



and Eq. (fil) we obtain the scaling expression 



where 



to dT c , i , 



Pt c =/3 a + (3s, (5) 



to da zv— — dS 

Since in the doping regime of interest, isotope substitution lowers the transition temperature while the dopant 
concentration x remains nearly unchanged [pj, there is a positive shift of the underdoped limit x u , and f3 s reduces to 

-3 dS _ dx u . n 

p* = — m— — » rn— — > 0. (7) 
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Thus, by approaching the QSI transition j3$ diverges as (is oc <5 _1 [Eq.(|])] and provided that (3 a remains finite, (3t c is 
predicted to tend to (3s so that 
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Here we expressed S in terms of T c [Eq.(|l])] and rescaled T c by T™, the transition temperature at optimum doping, 
to reduce variations of T c between different cuprates (2]|jJ . 

To verify this prediction we show l//3 Tr versus T c /T™ for Lai.gsSro.isCui-xCU j27j], YBa2- x La x Cu307 pi] and 
Yi_ x Pr x Ba2Cu307 |2{| in Fig.||. As predicted, by approaching the underdoped limit, corresponding to T c /T c m = 0, 
the data collapses on a single curve, consistent with a straight line pointing to the expected value zV » 1 , yielding 
the estimate r«6 and confirming that (3 a is finite and (3 S > 0. Thus, the OSI transition in D = 2 accounts naturally 
for the unusual doping dependence of (3t c and identifies the isotope induced change of the underdoped limit as the 
main mechanism. Notice that the empirical estimate for r implies that the maximum transition temperature is fixed 
by T™ « 6a /3 S . 

Another important element brought by the QSI transition in D=2 is the universal relation given in Eq. (Q). It 
implies with Eq.(|J) that the isotope coefficients of T c , 1/A^ b , critical amplitudes a and b and slab thickness d s are 
related by 

(3 Tc = (3 1/X 2 + /3 ds =l3 a + f3 s , I3 a = I3 b + Pd 3 , (9) 

' ab 

where (3p = an d F — T c . 1/A^ b , d s , a and b. Noticing that (3 a was confirmed to be bounded, this is also true 

for [3b and /3<j s - Since (3t c diverges as [3t c — Ps — {T c /T™) 1 u /r [Eq.(||], /3i/A 2 b is predicted to approach 

(3 lKb = Pt c = ft = - (10) 

close to the QSI transition. Although the experimental data for (3i/\ 2 b an d (3t c on identical samples are rather sparse, 
the results shown in Figj^ for the oxygen isotope effect in La2_ a; Sr a .Cu 1 _ a .04 HQ clearly confirm this prediction. 
Indeed as the underdoped limit is approached the data points tend to the solid line, marking l/pr c = l/Pi/A 2 ■ 

In conclusion, we have shown that the strong doping dependence of the isotope effects on transition temperature 
and zero temperature in - plane penetration depth naturally follows from the doping driven 3D-2D crossover and 
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the 2D quantum superconductor to insulator transition in the underdoped limit. As the quantum superconductor to 
insulator transition is approached, the isotope coefficient of transition temperature /3t c and penetration depth /?i/A 2 b 
tend to the coefficient of the relative dopant concentration (3s, and its divergence sets the scale. These predictions 
are fully consistent with the experimental data and imply that close to the underdoped limit the unusual isotope 
effects on transition temperature and penetration depth uncovers critical phenomena, associated with the quantum 
superconductor to insulator transition in two dimensions. Moreover, since lattice distortions are the primary conse- 
quence of isotope substitution it becomes clear that the isotope effects on transition temperature and zero temperature 
penetration depth probe the effect of lattice degrees of freedom on the condensate. However, until now most of the 
proposed theories of high temperature superconductivity in the cuprates have considered charge and spin fluctuations 
in a doped two dimensional (2D) antiferromagnet and disregarded any coupling to the lattice degrees of freedom. 
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FIG. 1. T c and 7 versus x for L&2-X Sr^CuO^ T c data taken from [8-16 ]. The solid curve corresponds to 7 k 8~" with 
V = 1, 5 = x — x u and x u — 0.05. 

FIG. 2. Inverse isotope coefficient 1//3t c versus T c /T c m for Lai.85Sro.i5Cui_ a; 04 [27], YBa2- :c La :E Cu307 [28] and 
Yi-x Pra;Ba2Cu307 [29]. The straight line corresponds to Eq.(8) with zv = 1 and r — 6. 
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FIG. 3. Oxygen isotope effect for underdoped La2- x Sr x Cu04 [6,7] in terms of — T C /AT C oc 1//3t c versus 
— (l/A„(,(0)) /A (l/A^j,(0)) oc /?jy A 2 . The solid line corresponds to /3d„ — in Eq.(9) and the dashed one is a guide to 
the eyes. • : taken from [6] and ■ : taken from [7]. 



4 



i 1 1 1 1 1 1 1 r 



10- 



YBa2-xLa x Cu3C>7 

Lai.85Sro.i5Cu 1 _ x Ni x 4 
Y 1 _ x Pr x Ba 2 Cu 3 7 



CO. 



5- 




Tp/T 



m 



c ' 1 c 



